Some new criteria for the oscillation of the fourth order functional differential equation
Introduction
Consider the fourth order nonlinear functional differential equation
where δ = ±1, and
In what follows we will assume that (i) a i (t), q(t) ∈ C([t 0 , ∞), R + = (0, ∞)), t 0 ≥ 0, and (ii) g(t) ∈ C(t 0 , R = (−∞, ∞)), g (t) ≥ 0 for t ≥ t 0 and lim t→∞ g(t) = ∞; (iii) f ∈ C(R, R), x f (x) > 0 and f (x) ≥ 0 for x = 0; (iv) α i , i = 1, 2, 3 are the ratios of positive odd integers, while we denote α = α 1 α 2 α 3 .
The domain D(L 4 ) of L 4 is defined to be the set of all functions x : [t x , ∞) → R, t x ≥ t 0 such that L j x(t), 0 ≤ j ≤ 4 exist and are continuous on [t x , ∞). Our attention is restricted to those solutions x ∈ D(L 4 ) of Eq. (E δ ) which satisfy sup{|x(t)| : t ≥ T } > 0 for every T ≥ t x . We make the standing hypothesis that Eq. (E δ ) does possess such solutions.
A solution of Eq. (E δ ) is called oscillatory if it has arbitrarily large zeros, otherwise it is said to be nonoscillatory. Eq. (E δ ) is called oscillatory if all its solutions are oscillatory.
It is an interesting problem to establish some comparison criteria, by which oscillatory behavior of all solutions of the differential equation (E δ ) is inherited from the oscillation of associated second order half-linear differential equations and/or first order delay or advanced differential equations. The results of the present paper are concerned with this problem and are new even in the case of Eq. (E δ ) when α i = 1, i = 1, 2, 3. By our comparison results, known oscillation criteria for nonlinear equations of second order as well as those of first order can be used to establish sharp results for the oscillatory behavior of equation (E δ ). For this, we remark that there is a voluminous literature on oscillation of second order half-linear as well as first order functional differential equations, see for example, Agarwal et al. [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] , Györi and Ladas [11] , Kusano and Lalli [12] and Philos [13] and the references cited therein. Finally, some applications of our results to certain neutral differential equations will be given before the end of both Sections 2 and 3.
Properties of solutions of equation (E 1 )
We first state the result on the signs of L i x(t), i = 0, 1, 2, 3, 4 for a nonoscillatory solution x(t) of equation (E 1 ). Namely, one of the following two cases holds:
i+1 L i x(t)sgn x(t) > 0, i = 1, 2, 3, and x(t)L 4 x(t) ≤ 0 eventually, (2.1) L i x(t)sgn x(t) > 0, i = 1, 2, 3, and x(t)L 4 x(t) ≤ 0 eventually. (2.2) We shall say that the solution x(t) is of type B 1 if (2.1) holds and that it is of type B 3 if (2.2) holds. In order to prove our main result we will compare the following inequalities where a 1 (t), q(t), g(t), f (x) and α 1 are as in Eq. (E δ ) satisfying the conditions (i)-(iv). Namely, the following comparison results was proved in [2, 4, 5] . where a 1 (t), q(t), g(t), f (x) and α 1 are as in Eq. (E δ ) satisfying the conditions (i)-(iv), we have the following lemma which was proved in [2] .
Lemma 2.2. If the inequality (2.6) has an eventually positive bounded (unbounded) solution, then Eq. (2.7) also has eventually positive bounded (unbounded) solution.
Also, we can compare the following first order delay differential equations y (t) + q(t) f (y[g(t)]) ≤ 0, (2.8) 9) with the corresponding differential equationa
We have the following lemma, which is given in [3, 11] . We shall present some criteria for the nonexistence of solutions of type B 3 for equation (E 1 ).
Theorem 2.1. Assume that conditions (i)-(iv) hold and the function f satisfy the condition Proof. Let x(t) be an eventually positive solution of equation (E 1 ) of type B 3 . Then there exists a large t 0 ≥ 0 such that (2.2) holds for t ≥ t 0 . Next, there exist a constant c > 0 and a t 1 ≥ t 0 such that
Integrating this inequality from t 1 to t, we find
Once again, integrating the above inequality from t 2 to g(t) ≥ t 2 > t 1 we get
Using (F) and (2.13) in equation (E 1 ), we obtain
Integrating the above inequality from t 2 to t, we have
contradicting the assumption (2.12). This completes the proof.
Theorem 2.2. Let conditions (i)-(iv) and (F) hold, and g(t) ≤ t for t ≥ t 0 . If the first order delay equation
is oscillatory, where
Proof. Let x(t) be an eventually positive solution of equation (E 1 ) of type B 3 . There exists a large t 0 ≥ 0 such that (2.2) holds for t ≥ t 0 . Now,
Since L 3 x(t) is a nonincreasing function on [t 0 , ∞), we have
Integrating the above inequality from t 0 to t, and using the definition of L 1 x(t), we have
Once again, by integrating the above inequality from t 0 to g(t) > t 0 , we get
Using (F) and (2.15) in equation (E 1 ) and letting z(t) = L 3 x(t), t ≥ t 0 , we obtain
By Lemma 2.3, we see that Eq. (2.14) has an eventually positive solution, which contradicts the hypothesis and completes the proof.
The following corollary is immediate. 
Proof. Let x(t) be an eventually positive solution of equation (E 1 ) of type B 3 , so that there exists a large t 0 ≥ 0 such that (2.2) holds for t ≥ t 0 . Now for t ≥ s ≥ t 0 , we have
and since L 1 x(t) is a nondecreasing function, we have
x(s).
Replacing t and s by g(t) and η(t) respectively, we have
Similarly, it can be easily obtained that
Combining (2.17) and (2.18), we get
Using (F) and (2.19) in equation (E 1 ) and letting z(t) = L 2 x(t) for t ≥ t 2 , we have
By applying Lemma 2.1, we see that Eq. (2.16) has an eventually positive solution, which contradicts the hypotheses and completes the proof.
In the last result considering nonexistence of solutions of type B 3 , instead of the condition (F) for the function f (x) we will introduce the following condition
Theorem 2.4. Let conditions (i)-(iv) and (F 1 ) hold, and g(t) > t and g (t) > 0 for t ≥ t 0 . If the following two conditions hold Proof. Let x(t) be an eventually positive solution of equation (E 1 ) of type B 3 . There exists a t 0 ≥ 0 sufficiently large such that (2.2) holds for t ≥ t 0 , so that L 3 x(t) is a positive and nonincreasing function i.e. lim t→∞ L 3 x(t) = λ 3 ≥ 0. Accordingly, integrating equation (E 1 ) from t ≥ t 0 to T ≥ t and letting T → ∞, we get
q(s)ds
Integrating the above inequality from g −1 (t) > t 0 to t, we have
Once again, integrating the above inequality from g −1 (t) to t, we get for all t ≥ t 2 ≥ t 1
Dividing both sides of this inequality by f 1/α (x(t)), then integrating both sides of the resulting inequality from t 2 to t, by using (F 1 ) and (2.21), we arrive at the desired contradiction. This completes the proof.
Nonexistence of solutions of type B 1
Here we will use the following notation 
is oscillatory, then equation (E 1 ) has no solution of type B 1 .
Proof. Let x(t) be an eventually positive solution of equation (E 1 ) of type B 1 . There exists a large t 0 ≥ 0 such that (2.1) holds for t ≥ t 0 . Notice that L 3 x(t) is a positive and nonincreasing function, so that lim t→∞ L 3 x(t) = λ 3 ≥ 0 as well as that L 2 x(t) is a negative and decreasing function, so that lim t→∞ L 2 x(t) = λ 2 ≤ 0. Now, integrating equation (E 1 ) from t to T ≥ t ≥ t 0 and letting T → ∞, we have
Once again, integrating the above inequality from t to T 1 ≥ t ≥ t 0 , letting T 1 → ∞ and using that λ 2 ≤ 0, we find
By applying Lemma 2.1, we see that Eq. (2.22) has an eventually positive solution, which contradicts the hypothesis and completes the proof.
Theorem 2.6. Let conditions (i)-(iv), (F) and (2.20) hold, and g(t) ≤ t for t ≥ t 0 . If the first order delay equation
Proof. Let x(t) be an eventually positive solution of equation (E 1 ) of type B 1 . As in the proof of Theorem 2.5, we obtain the inequality (2.23). Moreover,
Using (2.25) in (2.23), we get
By Lemma 2.3, we see that Eq. (2.24) has an eventually positive solution, which contradicts the hypothesis and completes the proof. 
< ∞, and
Theorem 2.7. Let conditions (i)-(iv) hold, where g(t) ≤ t for t ≥ t 0 and let (F 1 ), (2.20) and
Proof. Let x(t) be an eventually positive solution of equation (E 1 ) of type B 1 . As in the proof of Theorem 2.5, we obtain (2.23), so that by integration over [t, ∞), using that lim t→∞ L 1 x(t) = λ 1 ≥ 0, we find that
is a decreasing function and g(t) ≥ t for t ≥ t 0 , we have
Thus,
Integrating the last inequality from t 2 to t and using the assumptions (F 1 ) and (2.27), we come to the following contradiction Proof. Let x(t) be an eventually positive solution of equation (E 1 ) of type B 1 . Proceeding as in the proof of Theorem 2.5, we obtain the inequality (2.23) for t ≥ t 0 . Now, there exist a constant b > 0 and a t 1 ≥ t 0 such that
Using (2.30) in (2.23) and integrating from t 1 to t, we come to the following contradiction
Remark 2.1. In Theorem 2.8 one can easily see that condition (2.29) can be replaced by the stronger one ∞ q(s)ds = ∞. The proof of this case is easy and hence omitted.
Oscillation theorems
We shall combine the obtained results for the nonexistence of solutions of equation (E 1 ) of types B 1 and B 3 and establish some oscillation criteria for equation (E 1 ). First we can establish a sufficient condition for all bonded solutions of equation (E 1 ) to be oscillatory.
then all bounded solutions of equation (E 1 ) are oscillatory.
Proof. Let x(t) be a bounded and eventually positive solution of equation (E 1 ). Clearly x(t) is of type B 1 . As in the proof of Theorems 2.7 and 2.8, we obtain (2.28) and (2.30) for t ≥ t 1 . Now, using (2.30) in (2.28), we easily find
Integrating the above inequality from t 1 to t and applying (2.31), we arrive at the desired contradiction.
Next, by combining Theorems 2.1 and 2.8, we have
By combining Theorems 2.2 and 2.6, we get Theorem 2.11. Let conditions (i)-(iv), (F) and (2.20) hold, and g(t) ≤ t for t ≥ t 0 . If the first order delay equations
We note that we can also combine Corollaries 2.1 and 2.2 and obtain some sufficient conditions for the oscillation of equation (E 1 ).
Finally, we combine Theorems 2.3 and 2.5 and obtain Theorem 2.12. Let conditions (i)-(iv), (F) and (2.20) hold, and assume that there exists a function η(t) ∈ C([t 0 , ∞), R) such that g(t) ≥ η(t) ≥ t for t ≥ t 0 , If the second order delay half-linear equations
We note that the literature is filled with oscillation results for equations of the second order delay half-linear equations of type (2.32) and (2.33). Therefore, these oscillation results become oscillation criteria for equation (E 1 ).
Examples and applications
As an illustrative example, we consider a special case of equation (E 1 ), namely, the equation
where β is the ratio of two positive odd integers. In order to simplify notation in oscillation theorems we will use the notation
From Theorems 2.10-2.12 one can easily see that equation (∆ 1 ) is oscillatory if one of the following set of conditions holds:
(O 2 ) Condition (2.20) and g(t) ≤ t for t ≥ t 0 , and both first order delay equations
are oscillatory.
(O 3 ) Condition (2.20) holds and assume that there exists a nondecreasing function η(t) ∈ C([t 0 , ∞), R) such that g(t) ≥ η(t) ≥ t for t ≥ t 0 , and both the second order half-linear equations
We note that all three oscillation results for Eq. (∆ 1 ) given above are new. For example, for a special case of Eq. (∆ 1 ), with β = α i = 1, i = 1, 2, 3, 4, we consider the equation
by applying the set of conditions (∆ 2 ), we see that this equation is oscillatory if both first order delay differential equations
are oscillatory. As an example, we see that the equation
is oscillatory. Finally, we shall apply our results of this section to neutral equations which include equation (E 1 ) as a special case, i.e., we consider the equation
where τ (t), p(t) ∈ C([t 0 , ∞), R) satisfy the following conditions:
First, observe that if x(t) is an eventually positive solution of equation (E 1 ) of type B 1 or B 3 , then
is eventually positive and of the same type as x(t). Then Eq. (∆ 3 ) reduces to
Since y(t) is of type B 1 or B 3 , it is y (t) > 0 eventually and so,
Using (F) and (2.31) in Eq. (∆ 3 ), we obtain for all large t the following differential inequality
Therefore, now, we see that all results of this section are valid for Eq. (∆ 3 ) by replacing the function q(t) in the hypotheses of our results by q(t) f (1 − p[g(t)]). The details are left to the reader. Next, we assume τ (t), p(t) ∈ C([t 0 , ∞), R) satisfy the following conditions:
is an increasing function on [t 0 , ∞), τ (t) → ∞ as t → ∞ and τ (t) > t for t ≥ t 0 .
As above, we let y(t) be defined by (2.34) and equation (∆ 3 ) becomes (2.35). Now,
eventually, (2.37)
where τ −1 (t) is the inverse function of τ (t). Since τ (t) > t and τ −1 (t), y(t) are increasing functions, we have that
. Accordingly, from (2.37) we obtain
Applying assumption (F) in (2.38), from Eq. (2.35), we obtain for all large t the following differential inequality
Thus, all results of this section remain valid for Eq. (∆ 3 ) if we replace q(t) and g(t) in the hypotheses of these results by q(t) f (P[g(t)]) and τ −1 • g(t) respectively. The details are left to the reader. For example, by applying the set of conditions (O 1 ), from the above results, we conclude that the neutral equations
are oscillatory. The verifications are easy and are left to the reader.
Properties of solutions of equation (E −1 )
For equation (E −1 ) we have the following three cases of the signs of L i x(n), i = 0, 1, 2, 3, 4 for a nonoscillatory solution x(t):
We shall say that the solution x(t) is of type B 0 , B 2 and B 4 if it satisfies respectively (3.1)-(3.3). Proof. Let x(t) be an eventually positive solution of equation (E −1 ) of type B 2 . There exists a sufficiently large t 0 ≥ 0 such that (3.2) holds for t ≥ t 0 . Therefore, L 1 x(t) is an increasing function, so that there exist a constant c > 0 and a t 1 ≥ t 0 such that
Integrating the above inequality from t 2 to g(t) ≥ t 2 ≥ t 1 we get
Using (3.5) and (F) in equation (E −1 ), we have
Integrating the above inequality from t 2 to t, we obtain
The obtained contradiction completes the proof.
Theorem 3.2. Let conditions (i)-(iv) and (F) hold, and g(t) ≤ t for t ≥ t 0 . If all bounded solutions of the half-linear delay differential equation
are oscillatory, then equation (E −1 ) has no solution of type B 2 .
Proof. Let x(t) be an eventually positive solution of equation (E −1 ) of type B 2 , such that (3.2) holds for t ≥ t 0 . Now
Using the fact that L 2 x(t) is a nonincreasing function on [t 0 , ∞), we get
Integrating the above inequality from t 1 to g(t) ≥ t 1 ≥ t 0 and letting y(t) = L 2 x(t), t ≥ t 1 , we have
Using (3.7) and (F) in equation (E −1 ), we have for all
Since L 2 x(t) is a positive and decreasing function it is bounded. Therefore, y(t) is a positive and bounded solution of differential inequality (3.8), using Lemma 2.2, we see that Eq. (3.6) has an eventually positive and bounded solution, which contradicts the hypothesis and completes the proof.
Theorem 3.3. Let conditions (i)-(iv)
and (F) hold, and g(t) < t for t ≥ t 0 ≥ 0. Assume that there exists a nondecreasing function ξ(t) ∈ C([t 0 , ∞), R) such that g(t) < ξ(t) < t for t ≥ t 0 . If the first order delay differential equation
is oscillatory then equation (E −1 ) has no solution of type B 2 .
Proof. Let x(t) be an eventually positive solution of equation (E −1 ) of type B 2 . As in the proof of Theorem 3.2, we obtain (3.7) for t ≥ t 1 . Besides,
Replacing s and t by g(t) and ξ(t) respectively, we find
Using (3.10) in (3.7), we have for t ≥ t 2 ,
Using (F) and (3.11) in equation (E −1 ) and letting z(t) = −L 3 x(t) > 0 for t ≥ t 2 , we obtain
By Lemma 2.3, Eq. (3.9) has an eventually positive solution which contradicts the hypothesis and completes the proof.
In the following result we do not require the existence of the function ξ(t) as needed in Theorem 3.3.
Theorem 3.4. Let conditions (i)-(iv), (F) and (2.20) hold, and g(t)
≤ t for t ≥ t 0 . If the first order delay equation
is oscillatory, then equation (E −1 ) has no solution of type B 2 .
Proof. Let x(t) be an eventually positive solution of equation (E −1 ) of type B 2 , so that there exists a large t 0 ≥ 0 such that (3.2) holds for t ≥ t 0 . Integrating the equation (E −1 ) from t to u ≥ t ≥ t 0 we have
As in the proof of Theorem 3.2, we obtain (3.7) for t ≥ t 1 . Thus, using (F) and (3.7) in the inequality (3.13) and letting L 2 x(t) = y(t) for t ≥ t 1 , we obtain
By applying Lemma 2.3, we see that Eq. (3.12) has an eventually positive solution which contradicts the hypothesis and completes the proof.
Nonexistence of solutions of type B 4
Theorem 3.5. Let conditions (i)-(iv) and (F) hold, g(t) > t for t ≥ t 0 , and assume that there exist nondecreasing functions ρ(t), ξ(t) ∈ C([t 0 , ∞), R) such that g(t) > ρ(t) > ξ(t) ≥ t for t ≥ t 0 . If all unbounded solutions of the second order advanced half-linear equation Proof. Let x(t) be an eventually positive solution of equation (E −1 ) of type B 4 . There exists a t 0 ≥ 0 such that (3.3) holds for t ≥ t 0 . Now,
Letting σ = g(t), τ = ρ(t) in (3.15), we have
Similarly, one can easily find
Now, combining (3.16) and (3.17), we get
and by using the assumption (F) from equation Theorem 3.6. Let conditions (i)-(iv) and (F) hold, and g(t) > t for t ≥ t 0 , and assume that there exist nondecreasing functions ρ(t), ξ(t) and η(t) ∈ C([t 0 , ∞), R) such that g(t) > ρ(t) > ξ(t) > η(t) > t for t ≥ t 0 . If the first order advanced equation
is oscillatory, then equation (E −1 ) has no solution of type B 4 .
Proof. Let x(t) be an eventually positive solution of equation (E −1 ) of type B 4 . As in the proof of Theorem 3.5, we obtain the inequality (3.18). Next, we can easily find
Combining (3.18) and (3.21), for t ≥ t 2 , we get
Using (F) and (3.22) in equation (E −1 ) and letting z(t) = L 3 x(t) for t ≥ t 2 , we have
By Lemma 2.3 Eq. (3.20) has an eventually positive solution which contradicts the hypothesis and completes the proof.
Corollary 3.1. Let conditions (i)-(iv) and (F) hold, and g(t) > t for t ≥ t 0 . Moreover, assume that there exist nondecreasing functions ρ(t), ξ(t), η(t) ∈ C([t 0 , ∞), R) such that g(t) > ρ(t) > ξ(t) > η(t) > t for t ≥ t 0 . Equation (E −1 ) has no solution of type B 4 if one of the following conditions holds: 
< ∞, and ∞ P(s)ds = ∞.
Theorem 3.7. Let conditions (i)-(iv) and (F) hold, g(t) > t for t ≥ t 0 , and assume that there exist nondecreasing functions ρ(t), ξ(t) ∈ C([t 0 , ∞), R) such that g(t) > ρ(t) > ξ(t) ≥ t for t ≥ t 0 . Equation (E −1 ) has no solution of type B 4 if one of the following conditions holds:
→ 0 as u → ∞, and lim sup t→∞
Proof. Let x(t) be an eventually positive solution of equation (E −1 ) of type B 4 . As in the proof of Theorem 3.5, we obtain the inequality (3.19) for t ≥ t 1 ≥ t 0 and then integrating both sides of this inequality from t to v ≥ t ≥ t 1 , we have
Combining (3.23) with the relation
and putting V = ξ(t), we have
Taking lim sup of both sides of the above inequality as t → ∞ and applying the hypotheses in (R 1 ) or (R 2 ) we arrive at the desired contradiction. This completes the proof.
Nonexistence of solutions of type B 0
Now, we shall present some criteria for the nonexistence of solutions of equation (E −1 ) of type B 0 , i.e., the oscillatory behavior of all bounded solutions of equation (E −1 ). Theorem 3.8. Let conditions (i)-(iv) and (F) hold, and g(t) < t for t ≥ t 0 . Assume that there exist nondecreasing functions ξ(t), η(t) ∈ C([t 0 , ∞), R) such that g(t) < ξ(t) < η(t) < t for t ≥ t 0 . If all bounded solutions of the second order delay half-linear equation Proof. Let x(t) be an eventually positive solution of equation (E −1 ) of type B 0 . Then, there exists a large t 0 ≥ 0 such that Eq. (3.1) holds for t ≥ t 0 . For t ≥ s ≥ t 0 , we obtain
Replacing s and t in the above inequality by g(t) and ξ(t) respectively, we find
and then by replacing s and t in the above inequality by ξ(t) and η(t) respectively, we get
Thus, combining (3.25) and (3.26) we have
Using (3.27) together with the assumption (F) in equation (E −1 ) and letting y(t) = L 2 x(t) for t ≥ t 1 , we have
Since L 2 x(t) is a positive and decreasing function and therefore a bounded solution of the inequality (3.28), by Lemma 2.3 we see that Eq. (3.24) has an eventually positive and bounded solution. This contradiction completes the proof.
Theorem 3.9. Let conditions (i)-(iv) and (F) hold, and g(t) < t for t ≥ t 0 . Assume that there exist nondecreasing functions ξ(t), η(t) and σ (t) ∈ C([t 0 , ∞), R) such that g(t) < ξ(t) < η(t) < σ (t) ≤ t for t ≥ t 0 . If the first order delay differential equation
is oscillatory, then equation (E −1 ) has no solution of type B 0 .
Proof. Let x(t) be an eventually positive solution of equation (E −1 ) of type B 0 . As in the proof of Theorem 3.8, we obtain the inequality (3.27) for t ≥ t 1 . Next, using that L 2 x(t) is a positive function and that L 3 x(t) is an increasing function, we find
From (3.30) and (3.27) for t ≥ t 2 , we have
(3.31)
From equation (E −1 ), by applying (F) on (3.31) and letting z(t) = −L 3 x(t) > 0 for t ≥ t 2 , we come to the following differential inequality
Accordingly, by Lemma 2.3, we arrive at the desired contradiction that Eq. (3.29) has a positive solution.
Corollary 3.2. Let conditions (i)-(iv) and (F) hold, g(t) < t for t ≥ t 0 , and assume that there exist nondecreasing functions ξ(t), η(t) and σ (t) ∈ C([t 0 , ∞), R) such that g(t) < ξ(t) < η(t) < σ (t) < t for t ≥ t 0 . Equation (E −1 ) has no solution of type B 0 if one of the following conditions holds: 
Theorem 3.10. Let conditions (i)-(iv) and (F) hold, g(t) < t for t ≥ t 0 , and assume that there exist nondecreasing functions ξ(t), η(t) ∈ C([t 0 , ∞), R) such that g(t) < ξ(t) < η(t) < t for t ≥ t 0 . Equation (E −1 ) has no solution of type B 0 if one of the following conditions holds:
Proof. Let x(t) be an eventually positive solution of equation (E −1 ) of type B 0 . As in the proof of Theorem 3.8, we obtain (3.28) for t ≥ t 1 . Also, we find y(t) > 0 and integrating this inequality from v to t ≥ v ≥ t 1 , using that y (t) = L 2 x(t) < 0 for t ≥ t 1 , we get
Combining (3.32) with the relation
where we put τ = η(t), we have
Taking lim sup of both sides of the above inequality as t → ∞ and applying the hypotheses in (D 1 ) or (D 2 ) we arrive at the desired contradiction. This completes the proof. 
Applications and examples
We shall apply the obtained results of this section to investigate the oscillatory behavior of the mixed type equations of the form
where the operator L 4 is as in Eq. (E δ ) with a i (t), (i = 1, 2, 3) are as in (i) satisfying (1.1), and α i , (i = 1, 2, 3) are as in (iv),
We also assume that functions f i , i = 1, 2 satisfy the following condition
Now, we state some results which insure the oscillation of Eq. (Ω ).
Theorem 3.11. Let conditions (i), (ii) , (iii) , (iv) and ( F) hold, g 1 (t) ≤ t and g 2 (t) ≥ t for t ≥ t 0 , and assume that there exist nondecreasing functions ξ i (t), η i (t) and
If the first order delay differential equations
and the first order advanced differential equation
are oscillatory, then equation (Ω ) is oscillatory.
Theorem 3.12. Let conditions (i), (ii) , (iii) , (iv) and ( F) hold, g 1 (t) ≤ t and g 2 (t) ≥ t for t ≥ t 0 , and assume that there exist nondecreasing functions ξ i (t) and η i (t) ∈ C([t 0 , ∞), R), i = 1, 2 such that g 1 (t) < ξ 1 (t) < η 1 (t) ≤ t and g 2 (t) > ξ 2 (t) > η 2 (t) ≥ t for t ≥ t 0 . If all bounded solutions of the second order delay half-linear differential equations
and all unbounded solutions of the advanced half-linear differential equation
are oscillatory, then Eq. (Ω ) is oscillatory. 
where
Also, we can reduce the conditions of Theorem 3.12 by replacing Eqs. By applying the results of Section 2 to the inequality (3.42) and the results of Section 3 to the inequality (3.44) with q(t) and g(t) replaced by q(t) f (1/ p 1 [τ −1 (t)]) and τ −1 • g(t) respectively, we may obtain appropriate oscillation criteria for the considered Eq. (∆ 3 ).
Similarly, we can apply our results to the neutral differential equation
where p 1 (t) ∈ C([t 0 , ∞), [0, ∞)), p 1 (t) ≡ 0. Here, we set y(t) as in (3.41) and when y(t) > 0 eventually, we see that x(t) ≥ y(t) eventually, and hence Also, if y(t) < 0 eventually, we let z(t) = −y(t) > 0 eventually and proceed as above to obtain (3.43), and hence we find
• g(t)] ≤ 0 eventually. (3.46)
As above, we can apply the results of Section 3 to the inequality (3.45) and the results of Section 2 to the inequality (3.46) with q(t) and g(t) replaced by q(t) f (1/ p 1 [τ −1 (t)]) and τ −1
• g(t) respectively, so that we obtain appropriate oscillation criteria for Eq. (∆ 4 ).
Finally, we will show that the results of Section 3 can be applied to investigate the oscillatory behavior of bounded and unbounded solutions of the neutral Eq. We will assume that one of the following conditions holds:
(P 1 ) 0 ≤ p(t) ≤ 1, p(t) = 0, p(t) = 1, τ (t) < t for t ≥ t 0 ; (P 2 ) 0 ≤ p(t) ≤ 1, p(t) ≡ 0, p(t) = 1, τ (t) > t for t ≥ t 0 ; (P 3 ) p(t) ≥ 1, p(t) ≡ 1, τ (t) > t for t ≥ t 0 ; (P 4 ) p(t) ≥ 1, p(t) ≡ 1, τ (t) < t for t ≥ t 0 .
Notice, that if x(t) > 0 eventually, then y(t) > 0 eventually. So, we can consider the two cases:
(I) L i y(t) > 0 eventually, i = 1, 2 and either (P 1 ) or (P 3 ) holds; (II) y (t) < 0 eventually and either (P 2 ) or (P 4 ) holds.
Case (I) Assume that L i y(t) > 0 eventually, i = 0, 1, 2 and either (P 1 ) or (P 3 ) holds. We proceed as in Section 2 and obtain (2.36) or (2.38). Using either of these inequalities in Eq. By applying some of the results of this section to (3.48) and (3.49) we obtain oscillation results for the unbounded solutions of Eq. (∆ 5 ). Case (II) Assume that y (t) < 0 eventually and either (P 2 ) or (P 4 ) holds. In this case we proceed as above and again obtain the inequalities (3.48) and (3.49). Here we apply some of our results of this section to investigate the oscillatory behavior of all bounded solutions of Eq. (∆ 5 ). and all a i (t), α i , (i − 1, 2, . . . , n − 1), g(t), q(t) and f (x) satisfy conditions (i)-(iv).
It is also of interest to study the oscillatory behavior of (E δ ) without the restriction f (x) ≥ 0 for x = 0 ( f need not be monotonic), in particular see [1, 3] .
